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We introduce new type of superadditivity for classical ca-
pacity of quantum channels, which involves the properties
of channels’ environment. By imposing different restric-
tions on the total energy contained in channels environment
we can consider different types of superadditivity. Using
lossy bosonic and additive noise quantum channels as the
examples, we demonstrate that they can be either additive or
superadditive depending on the values of channels parame-
ters. The parameters corresponding to transition between
the additive and superadditive cases are related with re-
cently found crytical and supercritical parameters of Gaus-
sian channels.

Characterization of quantum channels capacities is one of
the most important tasks in the theory of quantum com-
munications. It attracted much interest because of possi-
ble superadditivity owing to the use of entangled states. A
memoryless quantum channel is the simplest basic channel
model. Itsn invocations (uses) act on the totaln-partite
input stateρ̂in as a sequenceΦ⊗n of identical mapsΦ. Al-
ternatively, these invocations can be thought of as a single
multidimensional channel orn parallel identical channels
acting at once. It was believed that the capacity of such
channels is additive. However, in 2008 it was shown by
Hastings that this hypothesis does not hold in general,i.e.
non-correlated channels acting together may have a higher
capacity than they have acting separately. This superaddi-
tivity arises because the channels are allowed to share an
arbitrary jointn-partite input state.

We focus on continuous variables (CV) bosonic Gaus-
sian channels. They are highly relevant to experimental im-
plementations. For these channels the capacity is defined
under the energy restriction on the input state which can be
translated into the average amount of photonsnN given to
n uses of the channel:

nN =

n∑

k=1

Nk.

Then the capacityC for akth single use of the memoryless
channel becomes a function of the number of photonsNk

given to this use:

N1 −→ C1 = C1(N1) −→ C1

. . . . . . . . . . . . . . . . . .

Nn −→ Cn = Cn(Nn) −→ Cn

In this setting another type of superadditivity might be pos-
sible. Indeed, ifC(N) is not concave, then the superaddi-
tivity may arise just due to non-uniform distribution of the
average amount of photonsNk between the uses.

For lossy [1] and additive noise [2] bosonic Gaussian
channels we have found that the capacity restricted to Gaus-
sian encoding and modulation is concave. Therefore for
these channels this superadditivity does not exist. However,
if one finds a CV channel with non-concave dependence
C(N) its capacity will be superadditive. Note that our re-
sult on the concavity ofC(N) for the lossy and additive
noise channels allowed us to find the capacity for both of
these channels in the presence of memory by using convex
separable programming [1].

The action of the channel may be equivalently repre-
sented by a unitary transformation applied to the product
state of channel’s input and environment:

ρ̂out = Trenv
[
U (ρ̂in ⊗ ρ̂env)U

+
]
.

Using this fact in the context of superadditivity we make a
natural step further and pose a question: what happens with
the capacity ofn parallel channels if their “environments”
are allowed to be in a joint arbitraryn-partite state simi-
larly to the channels inputs. Then, the average amount of
photons in the environmentsnNenv plays the role similar to
that of input [1]. Now the capacity becomes a function of
two variables:C = C(N,Nenv), i.e.

N1, Nenv,1 −→ C1 = C1(N1, Nenv,1) −→ C1

. . . . . . . . . . . . . . . . . .

Nn, Nenv,n −→ Cn = Cn(Nn, Nenv,n) −→ Cn

and we propose a new formulation of the superadditivity
problem:

Given the valuesnN andnNenv

•What is the channel capacity?

•What is the optimal channel input state?

•What is the optimal state of the channel environment?

In this setting the problem originally formulated forn iden-
tical parallel channels is transformed to a problem forn
parallel channels of the same type which may differ only
by their noise (average amount of photons in their environ-
ments). Thus, the optimal environment and input will be
defined by average photon number distributions between
“black boxes” represeting parallel channels characterized
byC(N,Nenv).

Interestingly, for the lossy channel we have shown that
the optimal photon number distribution between the envi-
ronments of the channels may be non-uniform which can
be interpreted as a “violation of mode symmetry” [1]. In
addition, this solution presents superadditivity in the form
we are proposing. The reason is that despiteC is concave
as a function ofN for any fixedNenv, it is generally neither
a concave nor a monotonic function ofNenv for fixedN .
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Figure 1: C(s) for different values of transmissivity η.

An environment squeezings and average amount of ther-
mal photonsNenv are entries of environment covariance ma-
trix

Venv := V (Nenv, s) =

[
Nenv +

1

2

](
es 0
0 e−s

)
.

where

1

2
TrVenv = Nenv +

1

2
,

Nenv =

(
Nenv +

1

2

)
cosh s−

1

2
.

The solution of the optimal environment problem may be
applied to the problem of “optimal channel memory”, be-
cause some important memory channels can beunravelled,
so that the capacity of a memory channel becomes equal
to the capacity of parallel independent channels with the
non-uniform distribution of photons between the environ-
ments. The optimality of non-uniform distribution is trans-
lated to superiority of the capacity of a memory channel
over the memoryless one under the same energy constraints
for both input and environment. Since information trans-
mission rates may also be non-monotonous functions of
Nenv, the problem of optimal channel memory can be posed
for those quantities as well [1].

We have shown that the non-uniform distribution is not
always optimal and the transition between the “uniform”
and “non-uniform” optimal solutions is governed by so-
called “critical” and “supercritical” parameters introduced
for both lossy [1] and additive noise [2] channels. Transi-
tion between domains “2” and “3” happens if

(1− η̃∞)

(
Nenv +

1

2

)
=

1
√
12
,

where theeffective supercritical transmissivity η̃∞ is

η̃∞ =

√
2

15

(
1 + (2N + 1)−2

)
.
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Figure 2: Lossy channel, the supercritical parameters.

Analytical results:

•C(s) is always monotonic over0 < s < +∞ if both

N >
[√

3/2 + 5/(2
√
3)− 1

]
/2 ≈ 0.3578,

η 6 1− 1/
√
3 (1)

and has no more than one maximum in this interval oth-
erwise.

•C(s) has no more than one maximum if

Nenv >
[(√

3− 2/
√
5
)−1 − 1

]
/2 ≈ 0.0969.

•The equalityC(0) = C(∞) for N → ∞ is possible
only if

η >
2

e
,

the equality holds for pure environment (Nenv = 0).

•The condition similar to Eq. (1) also exist for additive
noise channel [2]:

Nenv >
1

√
12

We expect that these constants can also be used to charac-
terize the boundaries between the additive and superaddi-
tive cases.

The heterodyne rateR(het) is also non-monotonic func-
tion ofNenv (or environment squeezings, equivalently).
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Figure 3: The heterodyne rate Rhet(s) for different
values of transmissivity η.

Thus, the superadditivity of new type can be posed for the
heterodyne rate as well. In the case of pure environment,
the transitions between the regions I, II and III correspond
the the following values of transmissivity:

η̃(het) =
1

1 +N
, η(het) =

2

2 +N

The “universal limits” for the heterodyne rate and capacity
are

lim
s→∞

R(het) = log2

[√
1 + 2(2N + 1)η + η2 − η

]
,

lim
s→∞

C = log2(2N + 1).
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